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Abstract
We consider the discrete Allen–Cahn equation with cubic and quintic nonlinearity on
the Lieb lattice. We study localized nonlinear solutions of the system that have linear
multistability and hysteresis in their bifurcation diagram. In this work, we investigate
the system’s homoclinic snaking, i.e. snaking-like structure of the bifurcation diagram,
particularly the effect of the lattice type. Numerical continuation using a pseudo-
arclength method is used to obtain localized solutions along the bifurcation diagram.
We then develop an active-cell approximation to classify the type of solution at the
turning points, which gives good agreement with the numerical results when the sites
are weakly coupled. Time dynamics of localized solutions inside and outside the
pinning region is also discussed.

Keywords Homoclinic snaking · Lieb lattice · Discrete Allen–Cahn equation ·
Localized solution · Saddle-node bifurcation

Mathematics Subject Classification 65Pxx · 39A14 · 39A28

1 Introduction

There has been a great interest in the study of homoclinic snaking (Woods and Champ-
neys 1999), which is a snaking-like structure in the bifurcation diagram of spatially
localized solutions, e.g. homoclinic orbits, that appears in pattern formations in nonlin-
ear systems. The Swift–Hohenberg equation with cubic and quintic nonlinearity is the
basic model for pattern formation and the commonly studied equation for homoclinic
snaking (Burke and Knobloch 2007a, b; Burke and Dawes 2012; Kusdiantara and
Susanto 2017; Lloyd 2019; Knobloch et al. 2019; Uecker and Wetzel 2020; Schmidt
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and Avitabile 2020), which also has been studied previously as a model in, e.g. cellular
buckling (Hunt et al. 2000), neuronal model (Laing et al. 2001; Avitabile et al. 2010),
and optical systems (Firth et al. 2007; Yulin et al. 2008; Yulin and Champneys 2010,
2011). Homoclinic snaking has also been observed in different experiments, e.g. in
semiconductor optical systems (Barbay et al. 2008), liquid crystals (Bortolozzo et al.
2009; Haudin et al. 2011; Bortolozzo et al. 2009), optical cavities (Tlidi et al. 2012),
magnetic fluids (Lloyd et al. 2015), and shell bucklings (Thompson 2015). It is caused
by fronts that are locked to the pattern and causes a pinning effect (Pomeau 1986;
Bensimon et al. 1988), resulting in a finite regime of bifurcation parameter where
multiple localized solutions can co-exist. Homoclinic snaking also appears in models
for vegetation patterns (Cisternas et al. 2020), Schnakenberg system (De Witt 2019),
and Couette flow (Salewski et al. 2019).

Homoclinic snaking in higher-dimensional systems has been studied as well in
Lloyd et al. (2008), Uecker and Wetzel (2014), Avitabile et al. (2010) and Taylor and
Dawes (2010). By using the Swift–Hohenberg equation, several numerical studies
showappealing solutions, such as localized spots and hexagon patches, fronts or stripes
(Lloyd et al. 2008; Coullet et al. 2000; Kozyreff and Chapman 2006; Hilali et al. 1995;
Sakaguchi and Brand 1996; Tlidi et al. 1994; Vladimirov et al. 2011), and localized
radial solutions (McCalla and Sandstede 2010; Lloyd and Sandstede 2009). Snaking
may be associated with various superpatterns and convectons in three-dimensional
doubly diffusive convection that have been studied in Beaume et al. (2011), Beaume
et al. (2013) and Dionne et al. (1997), Judd and Silber (2000), respectively.

Note that while the aforementioned references reported homoclinic snaking in spa-
tially continuous systems, snaking is also observed in discrete systems, such as in
bistable nonlinear Schrödinger lattices (Carretero-González et al. 2006; Chong et al.
2009; Chong and Pelinovsky 2011), optical cavity solitons (Yulin et al. 2008; Yulin
and Champneys 2010), and in small-world networks (McCullen and Wagenknecht
2016). If in the continuous case snaking is due to front locking mediated by spa-
tially periodic solutions, in the discrete systems it is due to the imposed lattice, i.e. a
discreteness-induced effective potential on the front dynamics, which is characterized
by the overlap of the attractive interaction of fronts and the Peierls–Nabarro poten-
tial (Braun et al. 2004). Further discussion about discreteness effect that generates a
set of bound states also has been studied by Egorov and Lederer (2013) and Clerc
et al. (2017), Clerc et al. (2020). The pinning region in the discrete case was first
approximated analytically by Matthews and Susanto (2011) and Dean et al. (2015).

Some of the present authors have also studied snaking in higher-dimensional dis-
crete systems (Kusdiantara and Susanto 2019) where details of the bifurcation diagram
are rather more involved (see also (Bramburger and Sandstede 2020; Tian et al. 2021)).
The complexity and width of the snaking diagrams depend on the number of ‘patch
interfaces’ admitted by the lattice patterns. While in our previous work (Kusdiantara
and Susanto 2019), we considered square, honeycomb, and triangular lattices, here
we study a two-dimensional discrete Allen–Cahn equation with cubic and quintic
nonlinearity in a Lieb lattice.

The particular lattice is studied because of its physical wide interests and applica-
tions, such as in the design of organic spintronic devices (Cui et al. 2020) and quantum
materials with tailored properties (Drost et al. 2017). Two-dimensional materials with
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a Lieb lattice host exotic electronic band structures, which comes fromHubbardmodel
where the ground state has zero spin angular momentum (Lieb 1989). In nature, Lieb
lattice does not exist, and it is difficult to obtain experimentally due to its structural
instability (Feng et al. 2020). Even though Lieb lattice is mostly studied theoreti-
cally, such as in the Heisenberg model for impurity-tuning of phase transition (Le and
Yarmohammadi 2019), a metal-based lattice for photonic zero-energy modes (Chen
and Chen 2019), and magnetic materials (Cui et al. 2020; Oliveira-Lima et al. 2020),
it has also been studied experimentally using, e.g. a tin overlayer (Feng et al. 2020),
synthesized metal–organic framework (Jiang et al. 2019, 2020), polariton quantum
fluids (Scafirimuto et al. 2021), micropillars (Whittaker et al. 2018), an array of car-
bon monoxide molecules (Slot et al. 2017), optical waveguide arrays (Mukherjee et al.
2015), and Bose–Einstein condensate (Ozawa et al. 2017). In the present paper, we are
interested in the effect of such an exotic lattice to homoclinic snaking in the bistable
Allen–Cahn equation. Even though the discrete nonlinear Schrödinger equation is a
more natural playground to study the lattice from the physical point of view, we chose
the Allen–Cahn equation for its simplicity, i.e. it is real-valued, yet it shares the same
standing wave (time-independent) solutions with the Schrödinger counterpart. The
cubic–quintic nonlinearity is also physically relevant as it is quite generic experimen-
tally in optical systems, see e.g. (Smektala et al. 2010; Boudebs et al. 2003; Zhan et al.
2002) for the experimental observation of optical nonlinearities that may be fitted by
a combination of self-focusing cubic and self-defocusing quintic terms.

As the main result of the present work, we classify all types of saddle-node bifur-
cations that form the boundaries of the pinning regions, characterized by the number
of ‘fronts’ exhibited by the discrete patterns. We also develop analytical approxima-
tions of the localized nonlinear solutions and their linear stability. When unstable, we
analyse their time dynamics as well as the dynamics of the system inside and out-
side the pinning region. In addition to its exotic electronic band structures, we find
that the Lieb lattice yields complicated structure in the snaking structures, such as
many ‘switchbacks’. Nonetheless, we observe that we can approximate the first turn-
ing point in the bifurcation diagram using our analysis, which previously failed for
square, honeycomb, and triangular lattices (Kusdiantara and Susanto 2019).

The paper is outlined as follows. The discrete Allen–Cahn equation and the stability
of the uniform solutions are discussed in Sect. 2.We analyse site and bond-centred
localized solutions and their snaking in Sect. 3. Section 4 discusses saddle-node
bifurcations and their approximation. The critical eigenvalue approximation is also
discussed in the sectionwhere good agreement is obtained. Time dynamics of localized
solutions about the pinning region is discussed in Sect. 5. Conclusions are in Sect. 6.

2 Mathematical Model and Uniform Solution

In this study, we consider the discrete Allen–Cahn equation with cubic–quintic non-
linearity, which has linear bistability in the background states (Burke and Knobloch
2007a, b; Taylor and Dawes 2010; Kusdiantara and Susanto 2017, 2019; Chong et al.
2009), i.e.
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dum,n

dt
= −μum,n + 2u3m,n − u5m,n + c�um,n, (1)

whereμ is a real-valued bifurcation parameter, c is the coupling strength of the nearest-
cell, � is a discrete Laplacian operator for the Lieb lattice on the two-dimensional
(2D) integer lattice Z2, and um,n is a real-valued stationary field defined on 2D integer
lattice. Defining um,n and �um,n as

um,n =
⎛
⎝

Am,n

Bm,n

Cm,n

⎞
⎠ and

�um,n =
⎛
⎝

�Am,n

�Bm,n

�Cm,n

⎞
⎠ =

⎛
⎝

Bm,n + Bm−1,n + Cm,n + Cm,n−1 − 4Am,n

Am,n + Am+1,n − 2Bm,n

Am,n + Am,n+1 − 2Cm,n

⎞
⎠ ,

(2)

we can rewrite Eq. (1) into

dAm,n

dt
= −μAm,n + 2A3

m,n − A5
m,n + c

(
Bm,n + Bm−1,n + Cm,n + Cm,n−1

−4Am,n
) = ∂H

∂Am,n
,

dBm,n

dt
= −μBm,n + 2B3

m,n − B5
m,n + c

(
Am,n + Am+1,n − 2Bm,n

) = ∂H
∂Bm,n

,

dCm,n

dt
= −μCm,n + 2C3

m,n − C5
m,n + c

(
Am,n + Am,n+1 − 2Cm,n

) = ∂H
∂Cm,n

,

(3)

where

H (
Am,n, Bm,n,Cm,n

)

=
∑
m,n

(
μ

2

(
A2
m,n + B2

m,n + C2
m,n

)
− 1

2

(
A4
m,n + B4

m,n + C4
m,n

)

+1

6

(
A6
m,n + B6

m,n + C6
m,n

) + c

2

((
Bm−1,n − Am,n

)2

+ (
Cm,n−1 − Am,n

)2 + (
Am,n − Bm,n

)2 + (
Am,n − Cm,n

)2))
(4)

is the energy of the system (1). A sketch of the field location on the Lieb structure is
given in Fig. 1. It can then be shown using (3) that

−dH
dt

=
(
dAm,n

dt

)2

+
(
dBm,n

dt

)2

+
(
dCm,n

dt

)2

≥ 0. (5)

Hence, every solution of (3) flows down along a gradient of the energy (4) towards
a local minimum that corresponds to a stable time-independent solution. Therefore,
oscillatory dynamics is not possible.
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Fig. 1 Lieb lattice tight binding structure. The blue, red, and green points represent the stationary field for
Am,n , Bm,n , and Cm,n respectively. The vectors −→a1 and −→a2 (magenta) represent perturbation directions
(see the text) (Color figure online)

In particular, we study the time-independent solution of Eq (1), i.e.

− μum,n + 2u3m,n − u5m,n + c�um,n = 0. (6)

To determine the linear stability of a solution ũm,n =
⎛
⎝

Ãm,n

B̃m,n

C̃m,n

⎞
⎠, we write

⎛
⎝

Am,n

Bm,n

Cm,n

⎞
⎠ =

⎛
⎝

Ãm,n

B̃m,n

C̃m,n

⎞
⎠ +

⎛
⎝

Âm,n

B̂m,n

Ĉm,n

⎞
⎠ εeλt . (7)

By substituting (7) in (1) and linearizing about ε = 0, we obtain the linear equation

λ

⎛
⎝

Âm,n

B̂m,n

Ĉm,n

⎞
⎠ = L

⎛
⎝

Âm,n

B̂m,n

Ĉm,n

⎞
⎠ , (8)

where

L =
⎛
⎝

γ (μ, Ãm,n) 0 0
0 γ (μ, B̃m,n) 0
0 0 γ (μ, C̃m,n)

⎞
⎠ + c�, (9)
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Fig. 2 Uniform solutionUs of the discrete Allen–Cahn equation as a function of μ. The blue thick and red
thin lines indicate stable and unstable solutions, respectively (Color figure online)

and

γ (μ, X) = −μ + 6X2 − 5X4.

A solution is said to be linearly stable when all λ ≤ 0 and unstable when ∃λ > 0.
Generally, the 2D discrete Allen–Cahn equation (1) exhibits the same uniform

solutions as those in other structures that have been studied in Taylor and Dawes
(2010), Kusdiantara and Susanto (2019), which are given by

− μUs + 2U 3
s −U 5

s = 0. (10)

It can be solved to yield

U0 = 0 and U 2
1,2 = 1 ± √

1 − μ. (11)

We plot the uniform solutions for varying μ in Fig. 2. Herein, we define U1 =
±√

1 + √
1 − μ, U2 = ±√

1 − √
1 − μ, and U0 = 0 as the ‘upper’, ‘lower’, and

‘background’ states, respectively.
To determine the linear stability of the uniform solutions ũm,n , i.e. Ãm,n = B̃m,n =

C̃m,n = Us , where s = 0, 1, 2, one has

ûm,n = exp
(
i
(〈−→a1 ,k

〉
m + 〈−→a2 ,k

〉
n
))

, (12)

where k =
(
kx
ky

)
is the wave number of perturbations in the n and m directions and

−→a1 =
(
1
0

)
and −→a2 =

(
0
1

)
are ortonormal basis in R

2 as shown in Fig. 1. So, the
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Fig. 3 The dispersion relation of
Lieb lattice for zero solution at
μ = 0 and c = 0.05. Note the
presence of a flat band, which is
a special characteristic of the
lattice (Color figure online)

perturbation ansatz would be

Am,n = Us + εeλt Ãm,n,

Bm,n = Us + εeλt B̃m,n,

Cm,n = Us + εeλt C̃m,n .

(13)

By substituting (13) into (3) and linearizing about ε = 0, we obtain the linear equation

λ

⎛
⎝

Âm,n

B̂m,n

Ĉm,n

⎞
⎠ = M

⎛
⎝

Âm,n

B̂m,n

Ĉm,n

⎞
⎠ , (14)

where

M =
⎛
⎝

γ (μ,Us) − 4c c
(
1 + e−ikx

)
c
(
1 + e−iky

)
c
(
1 + eikx

)
γ (μ,Us) − 2c 0

c
(
1 + eiky

)
0 γ (μ,Us) − 2c

⎞
⎠ . (15)

Hence, we have the dispersion relation of the Lieb lattice, i.e.

λ1 = −2c + γ (μ,Us) ,

λ2,3
(
kx , ky

) = −3c + γ (μ,Us) ± c
√
5 + 2

(
cos (kx ) + cos

(
ky

))
. (16)

The points μ0 = 0 and μ1 = 1 in Fig. 2 denote the stability change of Us . They
correspond to a condition when the maximum of the dispersion relation (16) touches
the kx , ky plane, which is attained at kx = 2η1π, ky = 2η2π, η1, η2 ∈ Z. One can
note that we have the bistability interval μ ∈ [μ1, μ0] for the uniform solutions, see
Fig. 2. Furthermore, the bifurcation diagram and the stability of the uniform solution
in Fig. 2 are the same as those in the one-dimensional model (Taylor and Dawes 2010;
Chong et al. 2009). Figure 3 shows that the dispersion relation has a flat band, i.e.
λ1. This special band structure can bring various exotic electronic properties, see e.g.
Julku et al. (2016), Tamura et al. (2002), Wang et al. (2011).
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Fig. 4 Structures of fundamental localized solutions for c = 0.05 and μ = 0.6

3 Localized Solutions and Snaking

The discrete Allen–Cahn equation (1) admits localized solutions that bifurcate from
the zero solutionU0 at pointμ0.We are particularly interested in fundamental localized
solutions, i.e. site-centred and bond-centred solutions, which are the counterpart of
onsite and intersite solutions in the regular one-dimensional lattice case. They are
formed by two bistable states from the uniform solutions, i.e. the nonzero solutionU1
as the ‘upper’ state and the zero solution U0 as the ‘background’ state.

In our current work, site-centred state is a solution profile with odd number excited
sites (when Am,n is nonzero) as shown in Fig. 4a. On the other hand, bond-centred
state is a solution where the excited sites bond with other sites and form the simplest
polygon. Examples of bond-centred solutions are shown in Fig. 4b. Herein, we use
20×20 lattice domain and periodic boundary conditions for the computational domain.

By using site-centred and bond-centred solutions in Fig. 4 as initial guess and
performing numerical continuation for varying μ, we solve the time–independent
solution of Eq. (1), i.e. Eq. (6) and use a Newton–Raphson method combined with a
numerical continuation, i.e. pseudo-arclengthmethod.We obtain bifurcation diagrams
of the localized solutions that show a snaking structure, see Figs. 5, 6, 7 and 8, where
we use a scaled version of the L2 norm or ‘mass’ norm (Taylor and Dawes 2010) for
the horizontal axis, i.e.

M =
(∑

n,m

u2n,m(
1 + √

1 − μ
)
) 1

2

. (17)

The snaking structure in the bifurcation diagrams exists within a certain interval
called pinning region (Pomeau 1986). In the 1D case, the pinning region in the limit
M → ∞ is bounded by two saddle-node bifurcations (Taylor and Dawes 2010; Chong
et al. 2009; Matthews and Susanto 2011; Susanto and Matthews 2011). In our case,
the bifurcations occur at several values of bifurcation parameter due to the presence of
different types of localized solutions at the turning points, as we will show below. One
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(a) c = 0.05

0

0.5

M

1

(h)

(i)

(j)
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(m)

(n)

(b) c = 0.1
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M

1

(c) c = 0.05

0.5

M

1

(d) c =0 .1

Fig. 5 a, b Show bifurcation diagrams of site-centred solutions for c = 0.05 and 0.1. c, d zoom in on
‘switchbacks’ to show the details of a complicated structure around 60 < M2 < 75 for both values of c.
The dashed horizontal lines about the turning points are the approximation of ‘upper’ and ‘lower’ saddle-
node bifurcations. The green, black, orange, and purple line colors correspond to saddle-node bifurcations
from our active-cell approximations of type 1, 2, 4, and 6, see Sect. 4. Solution profiles at the turning points
labelled as (a)–(n) in the top panel are shown in Fig. 6. Points (1)–(2) will be used to describe the solution
stability in Fig. 13, while points (3)–(4) will be used for time dynamics (Color figure online)
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Fig. 6 Top-view of localized solution profiles for site-centred solutions that correspond to the indicated
points in Fig. 5 (Color figure online)

can define that in this 2D case, the pinning region is formed by the largest distance
between the upper and lower saddle-node bifurcations.

Figures 5 and 7 show the bifurcation diagram of site and bond-centred solutions at
c = 0.05 and 0.1, respectively. The saddle-node bifurcations indeed occur at different
critical parameter μ. Moreover, the distance between the ‘upper’ and ‘lower’ saddle-
node bifurcations are getting smaller when the coupling strength c increases. In the
continuum limit c → ∞, the site-centred and bond-centred solutions merge as the
snaking disappears in the Maxwell point, which also occurs in the 1D case.

We can see that the snaking has a general behaviour where there is an interchange
of stability between localized solutions at the turning points. Nevertheless, it is also
possible to obtain a condition where the stability interchange does not occur. In this
case, we obtain a ‘switchback’ phenomenon around M2 ≈ 20 and 60–75 in both
Figs. 5 and 7. From our observation, this happens because the corresponding solutions
have many ‘fronts’ (connecting state between the ‘zero’ and ‘upper’ states) which
result in a complicated interaction between neighbouring sites as we vary a parameter
(for example, μ). We show these in details in Figs. 5c, d. It is also possible that
isolated bifurcation curves (i.e. isolas) may also form when c is being varied (Taylor
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Fig. 7 The same as Fig 5, but for bond-centred solutions. a, b show bifurcation diagrams of bond-centred
solutions for c = 0.05 and 0.1. The green, black, magenta, orange, cyan, and purple line colors correspond
to saddle-node bifurcations from our active-cell approximations of type 1–6, see Sect. 4. Solution profiles
at the turning points labelled as (a)–(t) in the top panel are shown in Fig. 8 (Color figure online)

and Dawes 2010). Figures 6 and 8 show top-views (2D projection) of the solution
profiles at several turning points in the bifurcation diagrams in Fig. 5. We can see that,
as the norm M increases, the nonzero plateau becomes wider.

On the flat band of the lattice mentioned previously, cf. Fig. 3, we comment that
it does not have any effect on homoclinic snaking simply because the exotic band is
located in the negative value of μ, while the snaking exists in the positive value of the
parameter.

4 Saddle-Node Bifurcation Analysis

In this section, we will derive an analytical approximation to the numerical results
reported above.
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Fig. 8 Top-view of localized solution profiles for bond-centred solutions that correspond to the points
indicated in Fig. 7 (Color figure online)

Fig. 9 Active-cell function type
1 at c = 0.05, ζα and ζβ
represent ‘upper’ and ‘lower’
saddle-node bifurcations. ζst and
ζun represent stable and unstable
cell solutions, respectively

4.1 Active-Cell Approximation

In general, when the coupling strength c is weak, we assume that to the leading order
the solution effectively consists of three states only, i.e. homogenous state U1, zero
stateU0, and interface (active-cell). By using this assumption, there will be only three
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(a) (b) (c)

(d) (e) (f)

Fig. 10 Sketch of different types of active-cell approximation to the saddle-node bifurcations that occur in
the system

states involved in the dynamics for small coupling c. Thus, we can rewrite Eq. (3) into
a simple ordinary differential equation (Kusdiantara and Susanto 2017)

dζ

dt
= F(ζ ) = −μζ + 2ζ 3 − ζ 5 + cZ(ζ ), (18)

where

Z(ζ ) = aU1 − bζ, (19)

as the replacement for the Laplacian term and ζ is the active-cell or interface. The
coefficients a and b are determined by the number of homogeneous state U1, zero
state U0, and active-cell at the ‘fronts’/interface.

Generally, F(ζ ) can have five real roots, see Fig. 9. Note that only two of them are
related to the snaking boundaries that correspond to the ‘upper’ and ‘lower’ saddle-
node bifurcations.We can recognize that a saddle-node bifurcation is a conditionwhen
F(ζ ) at the local minimum ζ = ζα and local maximum ζ = ζβ disappears, which
corresponds to the ‘upper’ and ‘lower’ saddle-node bifurcations, respectively. It is
quite straightforward to obtain that

ζα,β =
(
3

5
± 1

5

√
9 − 5 (μ + cb)

)
. (20)

We classify that there are several types of saddle-node bifurcations in the snaking
diagrams. By identifying them, we can obtain the correct active-cell approximation
to the solution profiles. In particular, we have six types, which are characterized by
the numbers and positions of the homogenous state U1, zero state U0, and active-cell
in their solution profiles, see Fig. 10. The list of coefficients a and b for each type is
shown in Table 1.
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Table 1 Values of the coefficient
a and b in the active-cell
approximation (18) for the
different types of solution at the
turning point

Type a b

1 1 4

2 2 4

3 1 3

4 1 2

5 2 2

6 1 1

0 0.5 1
0

0.05

0.1

0.15

0.2

(a) Type 1

0 0.5 1
0

0.05

0.1

0.15

0.2

(b) Type 2

0 0.5 1
0

0.05

0.1

0.15

(c) Type 3

0 0.5 1
0

0.1

0.2

0.3

(d) Type 4

0 0.2 0.4 0.6 0.8
0

0.02

0.04

0.06

0.08

0.1

(e) Type 5

0 0.2 0.4 0.6 0.8
0

0.05

0.1

0.15

0.2

(f) Type 6

Fig. 11 Location, i.e. parameter value μ, of the different types of turning points for varying coupling
constant c. Solid thick line is the actual value obtained from solving Eq. (6) numerically

We also note that the active-cell approximation is a rotation invariant at their center
or axes. Approximations of the saddle-node bifurcations in Figs. 5 and 7 are depicted
in the same figures.

Figure 5a shows several types of saddle-node bifurcations and their approximations
for the site-centred solutions at c = 0.05. In general, there are four types of saddle-
node bifurcations for the site-centred solutions as shown in Fig. 10. The bifurcations
at points (a)–(n) belong to type 1, 2, 4 and 6 as indicated in the caption of Fig. 5. These
types of saddle-node bifurcations only appear in site-centred solutions. Type 6 mostly
appear in the relatively large value of norm M2. Note that the approximations are in
good agreement with the numerics.

Figure 5b shows the bifurcation diagram of the site-centred solutions at c = 0.1 and
our approximations of the saddle-node bifurcations. By comparing between c = 0.05
and 0.1, we can see that the active-cell approximations give better results at small
coupling strength. In this case, the active-cell approximations fail to approximate
points (j), (k), and (n), while (h), (i), (l), and (m) are still relatively well approximated.
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Fig. 12 Difference between the actual value and approximation of turning points in Fig. 11. Shown is the
absolute value. Thick black and thin blue lines correspond to the difference along the left and right curves
in Fig. 11, respectively
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Fig. 13 Plot of numerical eigenvalues (blue dots and green circle) and our approximation (red cross) for
site-centred solutions at points (1) and (2) in the bifurcation diagram in Fig. 5, i.e. see also Figs. 6(1), (2)

Figure 7a shows the bifurcation diagram of the bond-centred solutions at c =
0.05 and our approximations to the saddle-node bifurcations. Turning points of all
types appear in bond-centred solutions. Similarly to the site-centred solution, the
approximations give good agreement for both the ‘lower’ and ‘upper’ saddle-node
bifurcations.

Figure 7b shows the case for the bond-centred solutions at c = 0.1.We also compare
the diagrams with c = 0.05 and 0.1. One can see that the active-cell approximations
also give better results at smaller coupling strength. One can see that the active-cell
approximation fails to approximate points (o)–(t). In contrast, points (k)–(n) are still
relatively well approximated.
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Fig. 14 The critical eigenvalue of solutions in the neighbourhood of some of the turning points in Fig. 7
for c = 0.05. The solutions correspond to the different types of saddle-node bifurcations. The solid lines
indicate the critical eigenvalue from numerically solving the eigenvalue problem (14), while the circles are
our approximation (22) (Color figure online)
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Fig. 15 Error made by our approximation in predicting a critical eigenvalue, i.e. difference between curves
depicted in Fig. 14. Thick blue and thin red lines show the error along stable and unstable branches,
respectively. Shown is the absolute value of the difference (Color figure online)

Weprovide in Fig. 11 a clear comparison of the different types of turning points from
the original system Eq. (6) (obtained numerically) and our asymptotic approximation
Eq. (18).We plot the locationμ of the turning points as a function of coupling strength
c. In general, the active-cell approximation gives an excellent result for relatively
small values of c (weakly coupled condition) and deviates from the actual value as c
increases. This is because the underlying assumption of the asymptotic analysis is no
longer satisfied in the latter case as more cells become ‘active’ with the increment of
the coupling strength, see the top-view profile solutions in Figs. 6 and 8. Deviation
of our approximations from the actual values is presented in Fig. 12 where types 2, 4
and 5 happen to have the smallest error.

4.2 Critical Eigenvalue Approximation

Theactive-cell approximation also canbeused to approximate the critical eigenvalueof
the localized solutions. By considering our assumption in Eq. (18), it is straightforward
that from the eigenvalue problem (14), one can obtain the approximation

λζ = d

dζ
F(ζ )

∣∣∣∣
ζ=ζst,un

ζ. (21)

Hence, λ satisfies

λ(μ) = −μ + 6ζ 2
st,un − 5ζ 4

st,un + ∂Z

∂ζst,un
. (22)
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Fig. 16 Time evolution of site-centred solutions outside the snaking region, i.e. μ = 0.97 (a) and μ = 0.22
(b) for c = 0.05. Shown are top-view snapshots at particular times (Color figure online)

The active-cell approximation of the critical eigenvalue at points (1) and (2) approx-
imated by using type 1 indicated in Fig. 6(1), (2) is shown in Fig. 13, where good
agreement is obtained when the coupling is weak. We also compare in Fig. 14 the
critical eigenvalue along several branches containing the six different types of turn-
ing point and its active-cell approximation. Furthermore, we plot their difference in
Fig. 15. The results show that our analytical approximation is good enough in deter-
mining the stability of solutions, particularly when they contain a turning point of
type 5.

5 Dynamics Inside and Outside the Pinning Region

When a solution is unstable, it is natural to question its dynamics in time. For an
unstable solution that lies within the pinning region, it will evolve in time into a
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Fig. 17 The same as Fig. 16 for bond-centred solutions outside the snaking region (Color figure online)

neighbouring stable solution, i.e. a ‘nearby’ profile structure with a lower energy level
H. We integrate the governing equation (1) in time where we obtain that, e.g. unstable
solutions shown as point (1) and (3) in Fig. 5a will go to stable solutions indicated
as point (2) and (4), respectively. This is the typical dynamics of a dissipative system
inside a pinning region (see e.g. Kusdiantara and Susanto (2017)).

We also consider dynamics of the systemwith parameter values outside the snaking
region. While it may be obvious that there shall be no static localized solutions, the
goal of the consideration is twofold: studying the difference between dynamics above
and below the pinning region, and characterizing time-dependent dynamics of the
system (1) from its static solutions along their bifurcation diagram. As a test case, we
show in Figs. 16 and 17 an example of such time dynamics, depicting time evolution of
site and bond-centred solutions outside the snaking region, respectively, for μ = 0.97
and μ = 0.22 with c = 0.05. Initial conditions for the simulations in Figs. 16a, 17a
are a solution up in the snaking of Fig. 5a with M2 ≈ 63.7783 and Fig. 7a with
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Table 2 The energy of the site
and bond-centred solution
profiles shown in Figs. 6 and 8

Point H Point H

Site-centred

(a) − 0.235 (j) − 1.684

(b) 0.817 (k) 0.741

(c) − 2.115 (l) − 1.868

(d) 1.103 (m) 2.285

(e) − 4.223 (n) − 7.553

(f) 2.822 (1) − 11.938

(g) − 12.580 (2) − 32.934

(h) − 0.023 (3) 5.525

(i) 0.808 (4) 3.867

Bond-centred

(a) − 0.825 (k) − 0.165

(b) 1.168 (l) 1.048

(c) − 2.766 (m) − 1.672

(d) 2.490 (n) 2.342

(e) − 6.853 (o) − 5.488

(f) 2.734 (p) 1.642

(g) − 4.118 (q) − 0.060

(h) − 21.411 (r) − 15.301

(i) 8.148 (s) 4.790

(j) − 23.504 (t) − 14.400

M2 ≈ 66.2366, respectively, while those for Figs. 16b and 17b are solutions depicted
in Figs. 6c and 8c, respectively.

Above the pinning region, i.e. Figs. 16a and 17a, we obtain that as t → ∞, the
solution goes to the trivial state. On the other hand, time evolution of the system below
the pinning region as depicted in Figs. 16b and 17b, shows that the solution tends to
the nonzero uniform state. Generally, this occurs because the system prefers a lower
energy state. We can explain the dynamics here from the energy H of the solutions
along the bifurcation diagrams in Figs. 5a and 7a. Table 2 shows the energy value
for each solution indicated in Figs. 5a and 7a (their profiles are depicted in Figs. 6
and 8). The solution energy around the ‘upper’ turning points has positive values and
becomes larger as the norm M2 increases. Because of the gradient property of the
energy (5), above the pinning region, the system will therefore evolve in time to the
trivial solution. In contrast, the energy around the ‘lower’ saddle-node bifurcations
has negative values and becomes smaller as the norm M2 increases. It is the reason
below the lower boundary, the system will tend to evolve into the nonzero uniform
solution.

Moreover, we plot in Fig. 18 the corresponding energy of the solution dynamics
depicted in Figs. 16 and 17. In agreement with the inequality (5), the energy flows
down along a negative slope. The curves have clear plateaus indicating that the system
transits for some time at ‘almost’ static states. Studying the profiles of those states (see
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Fig. 18 Energy evolution H(t) (cf. (4)) of the dynamics in Figs. 16 and 17

Figs. 16 and 17), we obtain that they look like time-independent solutions at turning
points.

6 Conclusions

We have considered a two-dimensional discrete Allen–Cahn equation with cubic and
quintic nonlinearities in a Lieb lattice domain. We have studied numerically and ana-
lytically time-independent solutions in the form of uniform and localized solutions
and their stability.

We have shown that the localized solutions form a snaking structure in their bifur-
cation diagram. However, different from the previously reported cases, the snaking has
more than one type of turning points. While such a point is usually associated with a
change of stability of the corresponding solution, here we also obtained a ‘switchback’
phenomenon in the bifurcation diagram, where no stability change occurs following
a turning point.

We have developed an active-cell approximation to estimate the saddle-node bifur-
cations. We showed that our analytical approximation gives good agreement with the
numerical results for small coupling strength (relative to the parameterμ, i.e. |c| 
 μ).
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Furthermore, we also showed that the approximation can be used to determine the
critical eigenvalue (stability) of localized solutions for small coupling constant. In
particular, we obtained that on the Lieb lattice, we can approximate the first saddle
node well for bond-centred snaking (see Fig. 7) which was an issue in our previous
work on regular (i.e. square, honeycomb, and triangular) lattices (Kusdiantara and
Susanto 2019).

We have derived the energy (potential) H of the Allen–Cahn equation on the Lieb
lattice and performed time integration of unstable localized solutions. Our simulations
showed that they tend to stable states that are ‘close’ in structure with a lower energy
level.

As we reported herein, the flat band that appears in the dispersion relation of the
Lieb lattice has no effect on the structure of the homoclinic snaking. It is because the
band is located in the opposite side of the existence domain of the localized solutions.
As a follow-up of the present work, we will seek for particular lattices with flat band
that lies in the same parameter region as the localized solutions and study its effect
on the snaking structure. We also propose to consider the presence of anisotropy in
the coupling strength between sites. Even in a simple square lattice configuration,
such a non-uniformity can create nontrivial effects to a bifurcation diagram (Taylor
and Dawes 2010). It will also be interesting to apply the active-cell approximation to
snaking in even higher-dimensional problems.
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