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Abstract The dynamics of bright–bright symbiotic solitons by a reflectionless double potential barrier in the framework of coupled
nonlinear Schrödinger equations (i.e. the Manakov system) is investigated. The main objective is to achieve unidirectional flow, which
can be used in the design of optical diodes. In particular, we consider the case of symbiotic solitons, where inter-component interaction
is attractive, while intra-component one is repulsive. We consider the dynamics of such solitons passing through an asymmetric
Pöschl–Teller (PT) double potential well to achieve unidirectional flow. Polarity reversal is also observed with attractive local and
nonlocal interaction. In this scenario, the diode polarity is reversed. We provide an alternative explanation of the phenomenon, where
we show that after a soliton interacts with the potential, an internal mode is excited. The mode emanates from the allowed band of
the system and is unstable in its entire existence region, which explains the fact that there is almost no soliton trapping in the system.

1 Introduction
Propagation and nonlinear scattering of solitons with various external potentials allow the possibility to obtain soliton-based electrical
device analogues, such as optical diodes [1]. The concept exploits a special behaviour of travelling bright solitons, i.e. unidirectional
flow, where solitons are only allowed to travel in a single direction through a specific combination of asymmetric potential wells.
Using variational approximation, Asad-uz-zaman and Khawaja [1] attributed the phenomenon as caused by excitation of the potential
internal mode that reduces the soliton energy. With the correct combination of parameter values, one can control a soliton to be
reflected or transmitted when travelling through a second potential. A detailed study describing the interplay between bound states
of the potential well and incident soliton revealed the insignificance of trapping on the unidirectional flow of the solitons, which
hints to the origin of the unidirectional flow as being related to the excitation of breathing modes in the scattering region [2].
The same special flow was also reported to occur in scattering of solitons through a single-well parity-time symmetric potential [3].
The physics behind it was found to be related to the decrease or increase of the soliton energy when interacting with the gain or loss
part of the potential. Furthermore, realization of such unidirectional flows through photonic waveguide arrays with two asymmetric
potential wells by appropriate modulation of the coupling coefficients was proposed in [4]. As such, discrete solitons-based operation
of all-optical logic gates, switches, filters and optical diodes can be realized and accomplished with suitable adjustment of control
soliton power in the waveguide arrays with an effective potential [5]. Diode functionality has also been proposed through diverse
nonlinear discrete lattices, such as a layered nonlinear non-mirror-symmetric model [6], two parallel-coupled discrete nonlinear
Schrödinger inhomogeneous chains [7], and nonlinear lattice with asymmetric defects [8].
Recently, Javed et al. [9] investigated scattering of bright–bright (BB) solitons of coupled nonlinear Schrödinger equations, i.e. the
Manakov system [10], in the presence of asymmetric Pöschl–Teller (i.e. Rosen-Morse without a tanh-term) and Gaussian potentials.
In addition to unidirectional flow, they observed an exciting polarity reversal and segregation of composite solitons, i.e. soliton
splitting into two separate components where one component is fully transmitted and the other is fully reflected by the potential
when propagating from one direction and remain unaffected when transmitted from the opposite one. In this paper, we revisit the
work of [9] by considering the same system but with a different parameter regime, such that we obtain so-called symbiotic solitons
[11, 12].
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Symbiotic solitons are bright solitons in coupled self-defocusing (i.e. repulsive intra-component) nonlinear Schrödinger equations
with an attractive inter-component coupling. While normally there cannot be bright solitons in the self-defocusing case, they can be
formed in the Manakov system for a sufficiently attractive inter-component interaction. This is due to an overall induced attractive
effective interaction. Symbiotic localized solutions have also been reported in, e.g. gap solitons [13, 14] and vortices [15, 16]. As
symbiotic solitons cannot survive when they live separately, there will be no soliton segregation in this case, which is a novel result
of the present paper and will be discussed herein.
In this work, we will also discuss nonlinear modes of the PT potential by solving numerically the corresponding time-independent
equation and studying their stability. While it has been demonstrated that a bright soliton excites, or —to be precise— becomes, a
higher mode when it interacts with the potential, the reason why there is no trapping (that in turn allows an almost full reflection
or transmittance) has not been clarified. The transformation from a node-less travelling soliton to a higher mode implies that the
latter is preferable energetically and as such, one would expect it to be stable. However, if the high mode is stable, then it should be
robust to perturbation, which means that it may not be able to leave the potential. The observation of transformation but no trapping
therefore seems to be contradicting each other. Our current study on nonlinear modes and their stability will shed light on this, which
provides an additional novel piece to the global picture of the physical mechanism behind unidirectional flow.
The paper is organized as follows. In Sec. 2, we present the setup and theoretical model. In Sec. 3, we show how the dynamics of
the propagation of symbiotic solitons through asymmetric potential well is affected by the presence of strong attractive interaction
coupling between the two components. In this section, we also provide detailed numerical experiments on the region for unidirectional
flow as well as polarity reversal. We discuss standing waves of the corresponding time-independent equation of the governing system
in Sec. 4. Finally, we summarize our main results in Sec. 5.

2 Theoretical model
The dynamics of composite BB solitons in the presence of an external scalar potential is governed by the following coupled nonlinear
Schrödinger equations (i.e. the Manakov system)
1
iψ1t  − ψ1x x − [g1 | ψ1 |2 +g12 | ψ2 |2 ]ψ1 + V (x)ψ1 ,
2
(1)
1
iψ2t  − ψ2x x − [g2 | ψ2 |2 +g12 | ψ1 |2 ]ψ2 + V (x)ψ2 ,
2
where ψ j , j  1, 2, represents the wavefunction. The nonlinear self-interaction strength of the components ψ1 and ψ2 is denoted
by g1 and g2 , respectively. The strength of inter-component coupling between the two components is g12 . In the present work, we
set g12  1 and g1  g2 . Symbiotic solitons exist for −1 < g1  g2 ≤ 0 [11, 12]. We also consider the attractive nonlinear
local interaction by taking g1  g2 > 0. The external scalar potential is V (x). For this study, we choose the combination of two
asymmetric PT potential of the following form:
V (x)  V1 sech2 [α1 (x − x1 )] + V2 sech2 [α2 (x − x2 )],

(2)

Here, V1,2 , α1,2 , and x1,2 determine the depth, inverse width, and position of the centre of the first and second potential well,
respectively. We set V1  −4, V2  −4.35, α1,2  2, and x1,2  ∓4 (respectively). Note that the potential is reflectionless in the
2  |V | and |x − x |→ ∞ [17–19]. We chose slightly different
linear limit, i.e. Eqs. (1) with g12  g1  g2  0, when α1,2
1,2
1
2
amplitudes for both potential wells to observe unidirectional flow [1, 9], which are shown in Fig. 1.
We solve the governing equations (1) using the split-step Fourier method. In our numerical simulation, we consider an initial
state far away from the potential and let it evolve in the real time. We choose our initial wave functions as the exact solutions of the
homogeneous version of Eq. (1), namely

ψ1 (x, 0)  | g1 + g12 |sech[| g1 + g12 | (x − x0 )]eivx ,
(3)

ψ2 (x, 0)  | g + g12 |sech[| g2 + g12 | (x − x0 )]eivx .
Fig. 1 PT asymmetric double
wells Eq. (2). Parameters are V1 
-4, V2  −4.35, α1  α2  2, x1
 -4 and x2  4
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Fig. 2 Transport coefficients with
respect to velocity for the
evolution of ψ1 , with
non-symmetric PT wells for
g1  0 and g12  1 from
x0  −15, i.e. right moving
soliton (upper panel) and from
x0  15, i.e. left moving soliton
(lower panel). Solid green, dashed
red, and dash-dotted black lines
represent reflection, R,
transmission, T , and trapping, L,
respectively

where v, x0 are the initial centre-of-mass velocity and position, respectively. Next, we define reflection, transmission and trapping
coefficients from our numerical simulations of a left-to-right-moving soliton as follows:

1 −li
Ri 
d x | ψi (x, t) |2 ,
N −∞

1 ∞
d x | ψi (x, t) |2 ,
Ti 
N li

1 li
Li 
d x | ψi (x, t) |2 ,
N −li

(4)

respectively,
where li  5/αi , i  1, 2, from the centre of the well and N is normalization of the total soliton intensity given by
∞
N  −∞ (| ψ1 |2 + | ψ2 |2 )d x. For left moving soliton, R and T are interchanged, but L remains same. Moreover, li denotes the
position of measurement of reflection or transmission, set at a value slightly greater than the position of the boundary of the well,
which is represented in terms of the inverse width of the well (αi ).

3 Evolution of symbiotic solitons through non-symmetric PT potential wells
In this Section, we will investigate the dynamics of symbiotic BB soliton solutions of the two-component Manakov system
passing through an asymmetric pair of PT potential wells positioned in series, with small but finite difference in height and with
finite separation in space. In our numerical investigation, we have considered the following parameter values: V1  −4, V2  −4.35,
α1  α2  2 and x1  −4, x2  4. The evolution of BB solitons was investigated by considering three (3) cases, as regards the
local self-interaction, while considering a strong attractive interaction (coupling) between the two components: (i) in the absence
of local self-interaction, i.e. for g1  g2  g  0; (ii) in the presence of a repulsive self-interaction, viz. g1 < 0, and (iii) in the
presence of an attractive self-interaction, g1 > 0. We have taken fixed g12  1 in all cases.
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Fig. 3 Evolution of symbiotic
solitons with non-symmetric PT
wells with g1  g2  0, and
g12  1 at vc  0.331

3.1 Unidirectional flow with g1  g2  0
We have considered the evolution of a BB pair of solitons through the asymmetric PT potential wells with initial propagation from
locations x0  −15 and x0  15, in this case. Figure 2 shows the transport coefficients, namely the reflection, (R), transmission (T)
and trapping (L) coefficients, in terms of the velocity, for the component ψ1 , respectively, indicated by solid green, dashed red and
dashed-dotted black lines, where we considered leftward and rightward moving BB symbiotic solitons. The corresponding curves
for the other component ψ2 are essentially identical with those for ψ1 and are omitted. The transport coefficients obtained reveal the
existence of a particular initial velocity value above which there is a sudden drop in reflection to its minimum value and a sudden
rise in transmission to its maximum value for both the components. Furthermore, the critical velocity (value) at which maximum
transmission occurs appears to be different if one considers right- or leftward propagating BB solitons. For a pair of right-moving
solitons, this critical velocity is found to be vc  0.331, while for leftward propagating solitons, it is vc  0.341. This difference in
critical velocity for soliton evolution in opposite directions is important for the diode protocol.
Figure 3 portrays the spatiotemporal evolution of a pair of symbiotic solitons with a particular initial velocity. In Fig. 3, the left
subfigure shows the propagation of the BB soliton components ψ1 and ψ2 with a critical velocity vc  0.331, incident from x0  −15
on a pair of asymmetric PT-type potential wells. The soliton components are first transmitted through the left well (V1  −4.0)
located at x0  −4 and then transmitted by the right well (V2  −4.35) placed at x0  4 with a high overall transmission rate
T ≈ 0.97. The right subfigure of Fig. 3 for leftward moving solitons suggests that these are first transmitted through the right well
placed at x0  4 and then reflected to the right by the left well placed at x0  −4 and finally transmitted through the right well to
the left well with an overall reflection, R ≈ 0.97. This unidirectional flow depicts the diode behaviour of the composite BB solitons
through PT potential wells. We observed practically no soliton trapping, as indicated by the dashed-dotted black line at the bottom
of Fig. 2.
3.2 Unidirectional flow with g1  g2 < 0
We have also investigated the role of a repulsive nonlinear local interaction on the evolution of symbiotic solitons. Figure 4 shows
the reflection and transmission coefficients of ψ1 moving through the PT wells from x0  ±15, against the velocity and the repulsive
self-interaction (strength). The existence of a repulsive interaction introduces a shift in the critical velocity that is required to reach
maximum transmission. The evolution of symbiotic solitons originating in the other direction is portrayed in Fig. 4. Table 1 shows the
working velocity range for the diode with different values of g1 . Figure 5 shows spatiotemporal plots for the evolution of symbiotic
solitons with repulsive self-interaction in the presence of a strong attractive interaction (coupling), under the effect of a pair of
asymmetric PT wells. This density plot is shown for g1  g2  −0.5, and vc  0.140. Unidirectional flow is achieved here with
symbiotic solitons.
3.3 Unidirectional flow with g1  g2 > 0
The case g1  g2 > 0 no longer describes symbiotic solitons, as the previous ones. Upon scaling, the results of this section can be
mapped on those of [9]. However, these are presented here for the sake of completeness and for reference. In this case, we have also
found a unidirectional flow of composite solitons scattering through the non-symmetric double wells in the presence of attractive
self-interaction (g1 > 0). The set of transport coefficients and g1 are shown in Fig. 6, plotted against the velocity. The results show
that attraction in local interaction dominates for higher velocities. Furthermore, we have also explored an exciting phenomenon,
namely polarity reversal, as earlier reported in [9]. This behaviour is evident upon comparison between Fig. 7 and Fig. 8. The
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Fig. 4 Transport coefficients of ψ1 with g12  1, evolving from x0  -15 (upper two) and x0  15 (lower two) through PT wells against v and g1
Fig. 5 Evolution of symbiotic
solitons with non-symmetric PT
wells for g1  g2  −0.5, and
g12  1 at vc  0.140

working velocity windows (range of values) for unidirectional flow with attractive and repulsive nonlinear local interaction strength
is shown in Fig. 9. Having considered either attractive or repulsive self-interaction with strong attractive coupling strength, our
numerical results did not show any splitting of the components, i.e. no difference from the results of [9].
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Fig. 6 Transport coefficients of ψ1 moving through PT wells against v and g1
Fig. 7 Evolution of components
with non-symmetric PT wells for
g1  g2  0.5, and g12  1 at
vc  0.535

4 Nonlinear modes and instability dynamics
A qualitative explanation of unidirectional flow in the nonlinear Schrödinger equation with a PT potential, i.e. (1) with g12  0,
has been provided in a series of papers by Khawaja et al. [1, 20–22]. It was analysed [1] that the special flow requires the incoming
velocity to be above a critical value (to pass the first potential well) and sufficiently enough velocity reduction that will allow the
soliton to either pass or get reflected by the second well. A variational calculation was employed to estimate of the reduction, where
a soliton was assumed to interact with a node-less trapped mode, i.e. bound state, under the assumption that the potential is a Dirac
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Fig. 8 Evolution of components
with non-symmetric PT wells for
g1  g2  0.8, and g12  1 at
vc  0.618. Polarity reversal is
observed

Fig. 9 Range of velocities for the
unidirectional flow (vmin , vmax )
versus g1 with g12  1, through
the PT wells. Data from Table 1
are used to produce this plot

delta function [19]. This is certainly a big assumption because soliton becomes a single-node (instead of node-less) mode when it
enters a PT potential well as depicted in Figs. 3, 5, 7, and 8.
The critical velocity to enter a PT potential well was then studied in [20]. The work also derived a semi-analytical approximation
of the trapped mode and its stability that it is stable against perturbations in its profile, but unstable when it is a perturbation to
its position. The ejection velocity as a result of the soliton interaction with a potential is then studied in [21]. The excitation of
multi-node trapped modes is later considered in [22].
Here, we will provide a qualitative analysis of the soliton scatterings presented in Figs. 3, 5, 7, and 8 through studying steady
states of the trapped modes. We will consider the existence and stability of nonlinear trapped modes of the governing equations (1)
in the presence of a PT potential.
In this study, we will consider time-independent solutions of (1), i.e. we substitute ψ j   j (x)eiωt , j  1, 2, into the equations
and obtain
1
1x x + [g1 21 + g12 22 ]1 − V (x)1 − ω1  0,
2
1
2x x + [g2 22 + g12 21 ]2 − V (x)2 − ω2  0,
2

(5)

where  j is real valued, ω ∈ R is the propagation constant and V (x)  V1 sech2 (2x). We consider a single-well potential, which is
a limiting case of (2), because for the values of x1 and x2 considered herein trapped modes of the two wells hardly interact. After
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Symbiotic solitons in unidirectional flow
Self-interaction strength
g1  g2

Velocity window
vmin ≤ vc ≤ vmax

−0.1

0.289 ≤ vc ≤ 0.291

−0.2

0.248 ≤ vc ≤ 0.249

−0.3

0.208 ≤ vc ≤ 0.212

−0.4

0.169 ≤ vc ≤ 0.176

−0.5

0.131 ≤ vc ≤ 0.145

−0.6
≥ −0.7

No unidirectional flow

0.119 ≤ vc ≤ 0.154

0

0.331 ≤ vc ≤ 0.341

0.1

0.373 ≤ vc ≤ 0.395

0.2

0.415 ≤ vc ≤ 0.449

0.3

0.456 ≤ vc ≤ 0.498

0.4

0.493 ≤ vc ≤ 0.531

0.5

0.522≤ vc ≤ 0.555

0.6

0.544 ≤ vc ≤ 0.582

0.7

0.571 ≤ vc ≤ 0.599

0.8*

0.618 ≤ vc ≤ 0.620

0.9

0.609 ≤ vc ≤ 0.612

1

0.745 ≤ vc ≤ 0.750

Repulsive

Attractive

a solution is obtained, we study its stability by perturbing it, i.e. substituting ψ j  ( j + φ j (x, t))eiωt into Eqs. (1) and taking a
series expansion about small φ j (x) to yield the linear equation
⎛

i
⎜0
⎜
∂t φ̄  Lφ̄ : ⎝
0
0

0
−i
0
0

0
0
i
0

⎞⎛
⎞
L1
g1 21 g12 1 2 g12 1 2
0
2
⎜
0 ⎟
L1
g12 1 2 g12 1 2 ⎟
⎟⎜ g1 1
⎟φ̄,
0 ⎠⎝g12 1 2 g12 1 2
L2
g2 22 ⎠
−i
g12 1 2 g12 1 2 g2 22
L2

(6)

where φ̄  (φ1 , φ1∗ , φ2 , φ2∗ )T and L j  ∂x2 + 2g j 2j + g12 23− j − V (x) − ω, j  1, 2. It is clear that the stability of   (1 , 2 )
depends on the spectrum λ of the operator L, i.e.  is unstable if there is an eigenvalue with Re(λ) > 0 and (we call it) stable
otherwise. We solve the time-independent equations (5) and the eigenvalue problem (6) numerically, where the spatial derivatives
are approximated using the Fourier transform method.
The linear limit of (5), i.e. g1  g2  g12  0, has been analysed in standard textbooks, such as [17, 18, 23]. In addition to plane
wave solutions in the region of ω < 0, the Schrödinger equation may also have bound states (trapped modes). For the parameter
values considered herein, there is only one mode [18]. In Fig. 10, we plot the spectrum of the linear Schrödinger equation for
varying V1 , where we see that for the parameter values used in this report the PT potential has indeed only one localized spectrum
corresponding to a node-less bound state. The question is then where the single-node mode in the dynamics of soliton scatterings
originates from.

Fig. 10 Spectrum of the linear
Schrödinger equation (5) with
g1  g2  g12  0 as a function
of the potential strength V1 .
Localized solutions exist in the
band gap ω > 0. The insets show
the corresponding eigenmodes of
the first three eigenvalues
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Fig. 11 Mass of the node-less and
single-node bound states for
varying ω with parameter values
the same with those in Fig. 3, i.e.
g1  g2  0 and g12  1. The
lower and upper curves
correspond to continuation of
node-less and single-node trapped
modes, respectively. Thick (blue)
and thin (red) curves, respectively,
represent stable and unstable
solutions

Fig. 12 Profile of the bound states
1  2  (x) and their
spectrum λ in the complex plane,
obtained by solving the linear
eigenvalue problem (6). Cross
signs indicate point spectrum. Left
and right panels show node-less
and single-node bound states,
respectively. The solutions
correspond to the same mass
M  4 in Fig. 11

Fig. 13 The same as Fig. 12, but
for a single-node bound state and
its spectrum for ω  1, i.e.
M  8. Left panel shows the
profile and spectrum, while the
right one presents the real and
imaginary part of the
corresponding eigenfunction of
the unstable complex eigenvalue

We computed nonlinear continuation of the linear node-less trapped mode and the single-node one for varying the propagation
constant ω in Fig. 11 for parameter values corresponding to Fig. 3, i.e. with g1  g2  0 and g12  1. We plot the existence curves
for varying ω as our control parameter. The vertical axis is the solution norm defined as

M
| ψ j |2 d x,
(7)
R

j

which is a conserved quantity, i.e. ∂t M  0. An initial guess for the single-node state is extracted from the dynamics in Fig. 3, i.e.
when the soliton happens to be in the middle of a well. Note that the bound state emanates from ω  0, which interestingly implies
that the single-node mode bifurcates from the edge of the continuous spectrum, cf. Fig. 10.
In addition to existence, we also computed the stability of the modes. When it is stable or unstable, we indicate it as blue thick or
red thin line in Fig. 11, respectively. We obtained that the node-less mode is stable, while the single-node one is always unstable in
their entire existence region. The instability of single-node bound states is due to a pair of real spectrum, i.e. exponential instability,
see Fig. 12. This informs us that there is almost no soliton trapping by the linear PT potential because the single-node trapped mode
is always unstable.
While the critical (i.e. most unstable) eigenvalue of a single-node mode is found to be always a pair of real spectra, we noted
an interesting feature of additional unstable complex-valued discrete spectrum for larger mass of bound states. We depicted them
in Fig. 13, where different from Fig. 12, in the present case a single-node bound state with M  8 also suffers from an oscillatory
instability, i.e. a pair of complex spectrum with non-zero real part, in addition to a pair of real eigenvalues. We also plotted the
corresponding eigenfunction in the right panel of the same figure. We studied extensively the origin of these complex unstable
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Fig. 14 Dynamics of the
single-node bound state in Fig. 12
(left panel), and in Fig. 13 (right
panel). Shown is the top view of
| ψ1 |2 | ψ2 |2

Fig. 15 Energy E of the bound
states in Fig. 11 as a function of
their mass M

eigenvalues, where we obtained that they emanate from the inside of the continuous spectrum, i.e. embedded spectrum. This is an
uncommon feature in the stability of solitary waves, where eigenvalues bifurcating from the continuous spectrum usually originate
from its edge [24].
We already simulated typical time dynamics of the unstable bound states in Fig. 14 for two different solution masses. A simple
observation shows that there is a slight difference between the scatterings, where for the trapped mode with a larger mass, the
instability leaves a residue at the potential well. It is in the form of a hump with a shape resembling the eigenfunction in the right
panel of Fig. 13. The hump oscillates in space with a temporal oscillation that is asymptotically given by the imaginary part of the
unstable complex spectrum in Fig. 13.
We obtain that the above results for existence and stability of bound states are quite generic for different values of g1  g2
considered in this work. We already calculated a continuation diagram with g1  g2  0.8 and g12  1, which we did not show
in this report because it is very similar to Fig. 11, and obtained the same conclusion. Considering the dynamics in Figs. 3, 5, and
Figs. 7, 8, we can easily notice that in the latter group, there is a prominent oscillating residue. Comparing them with the dynamics
in Fig. 14, we conclude that the single-node bound state in Figs. 7 and 8 will also have complex-valued unstable spectrum, which
is indeed the case.
The last query we are interested in is the mechanism behind the excitation of an unstable single-node bound state, instead of a
stable node-less one. To do so, we consider the following quantity
⎡
⎤

1
1
(8)
E  ⎣−g12 | ψ1 |2 | ψ2 |2 +
| ψ j x |2 − g j | ψ j |4 +(V (x) + ω) | ψ j |2 ⎦d x,
2
2
R
j

which is usually referred to as the energy. The energy is conserved under the flow of (1), i.e. dt E  0. Additionally, we can also
obtain the governing equations (1) from the equation i∂t ψ j  ∂ E/∂ψ ∗j . We plot in Fig. 15 the energy of the bound states of Fig. 11
as a function of their mass. Assuming that all of the soliton mass would be transferred to a bound state upon interacting with a
potential well, it is apparent from the figure that for the same mass, the energy of a single-node bound state is lower than that of the
node-less one. It therefore qualitatively answers the query that conversion to a single-node mode is preferable, despite its instability.

5 Conclusion
We have achieved unidirectional flow of symbiotic solitons moving through non-symmetric double wells with attractive mean-field
inter-component coupling and a wide interval of local interaction that includes repulsive and attractive coupling. Also, we have
studied the existence and stability of trapped modes in the system. We obtained that node-less modes are always stable, while
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single-node ones are unstable. While the leading critical eigenvalue is always real-valued, i.e. exponential instability, there can be
a quartet of complex-valued unstable spectra, i.e. oscillatory instability. Our results are expected to be applicable to all-optical data
processing.
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