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Semifluxons with a hump in a 0–p Josephson junction
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Abstract

We discuss the sine-Gordon equation describing the phase difference in a 0–p Josephson junction. Via phase plane

analysis, it is shown that the time-independent equation can have semifluxons with a hump. A stability analysis to the

semifluxons is performed. It is shown numerically that the presence of defects can stabilize the semifluxons.
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One of the consequences of non-s-wave supercon-

ductivity is the possibility of the spontaneous formation

of a half-vortex which is attached to the point of dis-

continuity in a 0–p Josephson junction. This half-vortex

has been studied theoretically by several authors [1–5].

The spontaneous fluxons are used to probe the sym-

metry of a superconducting gap. It has been conjectured

that these half-vortices can also be utilized in super-

conducting memory and logic devices [3] and accurate

measurements of the Josephson penetration length of a

superconductor [4].

The electrodynamics of the long Josephson junction

is described by the sine-Gordon equation [5]

/xx � /tt ¼ hðxÞ sin/� cþ a/t; ð1Þ

where /ðx; tÞ denotes the Josephson phase difference of

the junction, a > 0 is the damping coefficient due to

current electron flow across the junction and c > 0 is the

applied bias current. The function h takes the value �1

representing the alternating sign of the critical current.

In the case of one discontinuity, h ¼ 1 for x < 0 and )1
for x > 0.

Semifluxon solutions of (1) satisfy the condition

j/ð1Þ � /ð�1Þj ¼ p. When c ¼ 0 there is a unique

semifluxon solution (mod 2p) given by
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/0ðxÞ ¼
4arctan expðx� x0Þ; x < 0;
4arctan expðxþ x0Þ � p; x > 0;

�
ð2Þ

where x0 ¼ lnð
ffiffiffi
2

p
þ 1Þ. By considering time independent

solutions of (1), i.e. looking for solutions of the equation

/xx ¼ hðxÞ sin/� c; ð3Þ

it will be shown that for c 6¼ 0, the semifluxon is not

unique. There are semifluxons with a hump.

In [6], the semifluxons of Eq. (3) are constructed

using phase portrait analysis. The phase portrait is

constructed from two phase planes, namely the one with

h ¼ 1 and the other one with h ¼ �1. Solutions of Eq.

(3) are then suitable combinations of orbits of the two

phase planes. The semifluxons with a hump can be

constructed when c 6¼ 0, because the heteroclinic con-

nections of the sine-Gordon equation break into homo-

clinic connections. For a more detailed explanation we

refer to [6].

When c 2 ð0; c� ¼ 2=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ p2

p
Þ, there are three semi-

fluxons that can be constructed. The plot of the semi-

fluxons with a hump as functions of x is presented in Fig.

1. For simplicity, we denote semifluxon with the higher

hump as SFð2Þ and the other as SFð3Þ. The number of

kinks decreases to two when c 2 ðc�; cc ¼ 2=pÞ. The

semifluxon of type 2 disappears for c > c�. For c > cc,
there is no semifluxon solution of Eq. (3) [6].

We are interested in the stability of SFð2Þ and SFð3Þ.

We determine numerically the largest eigenvalue of the
ed.
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Fig. 2. The largest eigenvalues of the semifluxons are drawn as

functions of c.
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Fig. 1. A plot of the two semifluxons with a hump (solid-lines)

for c ¼ 0:05. The dashed-line is the steady state of an evolution

of the SFð3Þ in presence of a defect (see the text).

Fig. 3. The evolution of the SFð3Þ shown in Fig. 1 with a ¼ 0:1

in terms of /x. A 2p-fluxon (bright line) is driven by the applied

bias current away from the semifluxon (dark line).
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semifluxons. By taking the spectral ansatz /ðx; tÞ ¼
uðxÞekt and writing K ¼ k2 þ ka, we obtain from (1) the

eigenvalue equation uxx � hðxÞu cosw0 ¼ Ku where w0 is

the semifluxons of type 2 or 3. The spectral parameter K
is presented in Fig. 2.

It is clear then that the solutions are not stable be-

cause there is at least a positive eigenvalue for all c. Note

that SFð3Þ tends to neutral stability in the limits c ! 0

and c ! 2=p. The neutral stability when c ¼ 2=p is not

surprising if one realizes that in the phase portrait, SFð3Þ

coincides with the well-known semifluxon. According to

Ref. [3], the largest eigenvalue of the semifluxons is 0 at

that situation.

The evolution of the semifluxons is simulated by

taking semifluxons with a hump obtained from (3) as

initial solutions for (1). We impose /xðx ¼ �L; tÞ ¼
/tðx; t ¼ 0Þ ¼ 0 and take L ¼ 20. In Fig. 3, we present

the evolution of the SFð3Þ shown in Fig. 1.

We observe numerically that a small and localized

perturbation of the system can stabilize a semifluxon

with a hump. The perturbation is of the form �m sin/
that is added to the right hand side of (1). A localized

defect in the junction can be represented by this per-

turbation with j�j � 1 representing the depth of the

defect and m ¼ 1 at a certain interval and 0 otherwise

representing the localization of the defect.

We have redone the simulation presented in Fig. 3 in

presence of a defect at interval ()5,)3) with the depth

� ¼ �0:2. The steady state (the dashed-line in Fig. 1) is

slightly different from the initial one due to the pertur-

bation term. Position, width and depth of the defect

influence the final form of the semifluxon.

To conclude, we have discussed numerically the sta-

bility of semifluxons with a hump. Even though they are

unstable, defects can stabilize the semifluxon of type 2.

For future investigation, we want to prove analytically

the stabilization of the semifluxons.
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